Lectures 6,7: Reasoning 
using Propositional 
& Predicate Logic 
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Summary & Conclusions 


Lectures 6,7: 
Propositional & Predicate Logic 


Logic & Theorem Proving 


PREDICATE - a function that maps object arguments 
as True or False 


e.g. Cloven feet (Pigs, cattle, sheep) 


Farm animals (Pigs, cattle, sheep) 


property object which has a property 
predicate [object is just an instance 
of that property] 
If above Predicate is ASSERTED then (1) says 
(Pigs, cattle and sheep) have the property of Cloven feet 
E.g. | Consider an unknown object - a Snudge 


Flies (Snudge) 
Cloven_foot (Snudge) 
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Logic & Theorem Proving 


PREDICATE - a function that maps object arguments 
as True or False 


Consider an unknown object - a Snudge 
Flies (Snudge) 
Cloven_foot (Snudge) 


Combing Predicates 


We can combine predicates using AND, OR and NOT 
Logic symbols: ^ V — 


A further logic symbol taken from Propositional 
Calculus is If... then... Symbol: — 


Now consider the Truth Tables for these functions 
for logic variables p,q. 
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Combining Predicates 


We can combine predicates using AND, OR and NOT 
Logic symbols: ^ Ya = 


Combining Predicates 


Truth tables also demonstrate other useful properties ... 


^ у are commutative: 
ААВ 5 ВлА 
А-В ә ВА 


Distributive: 
AA(BvC)(AAB)v(A^AC) 
А“ (ВлС) © (А В) л (А ~ C) 


Associative: 
Aa(BaC) © (А л В) AC 
Ау (ВС) © (А В) vC 


Obey de Morgan's laws: (ie л , v are duals) 


Also negation of a negation is an affirmation: 
-(-А)9 A 


Combining Predicates 


We can combine predicates using AND, OR and NOT 
Logic symbols: ^ V — 


Simple example 
CONJUNCTION 
Flies(Snudge) ^ Cloven foot(Snudge) 
DI NCTION 


Flies(Snudge) v Cloven_foot(Snudge) 
V —————^ 


A disjunct 


Predicate statements 


Laws of propositional calculus - 0 order 


logic 
-follow Boolean algebra properties : 
commutivity associativity — distributivity — deMorgans 


idempotent absorption .... etc ... etc.... 
Predicate calculus - 1%! order logic 


introduces quantifiers and variables: 

V for all universal quantifier 

Ч there exists existential quantifier 
Simple examples: 

Vx [Bird(x) 2 Beak(x)] universally quantified 


3x [Bird(x)] existentially quantified 


s 
quantifier’s 
scope 


V for all universal quantifier 


j there exists existential quantifier 


Simple examples: 


Vx [Feathers(x) = Bird(x)] universally quantified 


3x [Bird(x)] existentially quantified 
ST" 


quantifier's 
scope 


Predicate statements 


Laws of propositional calculus - 0 order 
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s 
quantifier’s 
scope 


Vocabulary 


A domain's objects are terms 
Variables ranging over a domain's objects are terms 


Functions are terms - arguments to functions and values 
returned are objects 

Terms are the only things that appear as arguments to 
predicates 

Atomic formulas are individual predicates 


Literals are atomic formulas or their negation 


Well formed formulas (WFFs) are defined recursively 


- literals are WFFS 
- WFFs connected by AV =>— are WFFs 
- WFFS surrounded by quantifiers are WFFs 


A WFF in which all variables are inside the scope of the 
corresponding quantifier is a sentence, e.g. 


Vx [Feathers(x) 2 Bird(x)] 


bound 
variable 


Drawing distinctions between 
Propositional / Predicate Logic 


Propositional Calculus - no variables 
First Order Predicate Calculus 

- variables represent objects 
Second Order Predicate Calculus 


- variables represent objects or predicates 


A WFF consisting of a disjunction of literals is a CLAUSE 
Interpretations tie logic symbols to worlds 


Logic World Imaginable World 
» & 


[symbols] 
objects 


| | ” A 
[Predicates] On(B,A) relations / 
[Function] 


A = On-logic-function(B) 


On world р Л 
function < 


Axioms, theorems and proofs 


Propositional Calculus - no variables 


First Order Predicate Calculus 


- variables represent objects 
Second Order Predicate Calculus 


- variables represent objects or predicates 
An interpretation is a full accounting of the correspondence between 
OBJECTS «—— OBJECT SYMBOLS 
RELATIONS «—— PREDICATES 
OBJECT FUNCTIONS «——» OBJECT SYMBOL FUNCTIONS 


want to show that other 
а. 


asserted statements are true 


i.e. true 
PROOF consists of manipulating a set of actions to produce 
new theorems in a consistent way so that the new theorems 
are known to be true - SOUND RULES OF INFERENCE 


i.e. If axioms are true then derived theorem must be true 


Axioms, theorems and proofs 


р> 9 | axioms, premises - modus ponens 
p 


q conclusions - law of detachment 
Use of proof procedures is a syntactic procedure 
SYNTAX «———. construction of sentences 


SEMANTICS «—— meaning 


RESOLUTION THEOREM PROOVING 
рма 


~q vr 
р Vr ——— resolvent 


| 2 resolving clauses 


This is generalizable to any number of disjuncts, and is therefore 
A SOUND RULE OF INFERENCE 


1965 - Robinson demonstrated complete rule of inference 


modus ponens | p >q = руха | -special case of resolution 


modus tolens - special case of resolution 


Resolution & theorem proving 


In resolution theorem proving we use the following principles 
* Assume negation of theorem is TRUE 
* Add to axioms 


• Show that this leads to a contradiction 


this is a case of proof by refutation 


SIMPLE EXAMPLE 
we want to prove q given that p >q 
p 
so convert to CLAUSE FROM Р V q 
p 


negate theorem and add to existing data 
—pvq 


resolve 


NIL - signals a contradiction 
HENCE Negation of axiom is FALSE, hence theorem is TRUE 


Resolution & theorem proving 


To use resolution, need to have expressions in clause form 


8 EASY STEPS 


e Eliminate implications p=q = —pvq 


* Move negations to atomic formulas 


—(p ^ q) -ар vq 


de Morgan's theorem | —(p v q) -ар лг 
-(-р) = р 

—3х [Р(х)] = Vx [—Р(х)] 

— Ух [Р(х)] = 3x[-P(x)] 


* Rename vars so that по 2 quantifiers refer to the same vars 


e Purge existential qualifiers 
i.e. Replace Ax[P(x)] by a specific object 
4x [P(x)] = P(a) - Skolem constant 
Уу Эх [Р(х)] = vy [ P( f(y) )] 


Every y may have Skolem 
a different x value function 


Resolution & theorem proving 


To use resolution, need to have expressions in clause form 


8 EASY STEPS (continued) 


* Move all universal quantifiers to far left 


* Move disjuncts down to literals 
Distributive law pv(q^r) = (ру 4) л (рл) 


* Eliminate conjunctions ie treat as separate axioms 


* Rename variables 


Resolution & theorem proving 


EXAMPLE 


vx [P(x) => | vy [О(х,у)] ^ avy IP(y) => R( f(x y))] 1] 


Remove implications 
vx [>PO v [ Vy [О(х,у)] ^ avy E-P(y) v R( f(x,y))] 1] 

Move negation to literals 

vx [>PO v [ vy [О(х,у)] ^ Зу [ Ply) ^ В t(x,y))] 1] 
Rename variables 

vx |-Р(0 v [ Vy [О(х,у)] ^ 22 [P(z) ^ —RCEGG2)11] 
Get rid of existential quantifiers 

vx [-Р(х) v [ Vy О(х,у) ^. [P(g69) ^ —-R( f(x,9(x)))1 1 ] 


Move universal quantifiers to front 
vx Vy [2P(x) v [ Q(x,y) л [Р(9(х)) A AR( {х,9(х)))11] 


Resolution & theorem proving 


EXAMPLE (continued) 


Move universal quantifiers to front 
vx Vy [2P(x) v [ Q(x,y) ^. [Р(9(х)) ^ –А( {х,9(х)))11 | 


Prenex form 
Move disjunctions 


VX Vy [—=P(x) v Q(xy) A -P(x)v Р(9(х)) A Р(х) v -R( f(x,9(x)))] ] 


Eliminate conjunctions, assume universally quantified, 
rename variables 


—P(x) v О(х,у) 


—P(z) v Р(9(2)) бча 


-P(w) v -4В( f(w,g(w)) ) 


simple Example of Resolution 


Use the previous stated methods for resolution 


Given the predicates 
On(B,A) s 
On(A, table) , 


show that B is above the table, i.e. 


Show Above(B, Table) .... İS true. 


simple Example of Resolution 


First need to quantify expressions. ... 
Vxvy [On(x,y) = Above(x,y)] : 
VxVyVz [(Above(x,y) л Above(y,z)) = Above(x,z)]. 


After going through the procedure for reducing to clause form 
these axioms look like: 


-Оп(и,у) v Above(u,v) 
-Above(x,y) v ~Above(y,z) v Above(x,z) 


Recall that we wish to show 
Above(B,Table) (.....is True) 


So to start proof by refutation, we negate the proposition and 
add it to the list ..... 


simple Example of Resolution 


List of propositions, but now with some labels: 
-2On(u,v) v Above(u,v) 
-Above(x,y) v ~Above(y,z) v Above(x,z) 
On(B,A) 
On(A,Table) 
-Above(B,Table) 


[1] 
[2] 
[3] 
[4] 
[5] 


Now start by resolving pairs of expressions to yield new ones. 


E.g. start with [2] and [5], specialising x B, z— Table: 
-Above(x,y) v ~Above(y,z) v Ароуе(х,2) 
=Above(B, Table) 

-Above(B,y) v =Above(y, Table) 


au aNd SO ОП....... until a contradiction occurs. 


[2] 
[5] 
[6] 


simple Example of Resolution 


-Above(B,y) v -Above(y,Table) [6] 
-On(y,Table) v Above(y,Table) [1] 
-Оп(у,ТаЫе) v ^ Above(B,y) [7] 


-On(y,Table) v = Above(B,y) [7] 
3On(B,v) v Above(B,v) [1] 


-Оп(В,у) v -On(y,Table) [8] 


simple Example of Resolution 


-Оп(В,у) v -On(y,Table) [8] 


On(B,A) [3] 
-Оп(у, ТаЫе) [9] 
-Оп(А,ТаЫе) [9] 

On(A, Table) [4] 
NIL or O 


The only way a contradiction could have occurred is via 
insertion of the deliberate false premise ~Above(B, Table) that 
we wished to prove as true. 


Therefore Above(B,Table) is true. QED. 


Proof is Exponential 


Q. How did we manage to pick just the right clauses 


A1. Confined problem to solving against the negated 
theorem or new clauses derived from the negated theorem. 


A2. We used human intuition! Mentally solving the task 
means we know that we need the [Above() v —On()] clause to 
be used in the proof, using it to tie B to the Table with A in the 
middle, and so on.. 


- But pure logic cannot express (e.g.) differences, or heuristic 
distance, as required for a 'best first' search strategy. Theorem 
proovers can utilise these concepts, but then the burden of the 
problem lies outside logic, and relies on a-priori information 
lying outside the original statements. However, all resolution 
search strategies are subject to 


«Combinatorial explosion - search trees will grow wildly, thereby 
preventing successful completion of searches requiring long 
chains of inference. 


* All resolution strategies are also subject to the halting problem 
- the search may not terminate unless a proof actually exists. 


Proof is Exponential 


PROOF IS EXPONENTIAL!! 
How do we select the correct pairs of clauses to resolve? 


*Humans are good at spotting the right pairs, how? 


. 3 well known types of strategy can be employed: 
. Breadth first strategy 


A simple systematic way of deciding which clauses to resolve, by 
resolving all possible pairs of initial clauses. Then resolves all 
possible pairs of the resulting set together with the initial set, level 
by level. 


. Set-of-support strategy 


Pairs are selected, one of which must be the negated theorem, or 
a clause derived from it. i.e using the clause directly or indirectly. 
This steers the search towards a contradiction. 


, Unit-preference strategy: 


Give preference to clauses with the smallest number of literals. By 
selecting these small clauses first we try to guide the search to 
eventually resolving the smallest possible resolvent clause — NIL. 


Proof is Exponential 


These are all complete strategies (ie guaranteed to find a 
proof if theorem follows from axioms in a finite amount 
of time) 


Cana proof require infinite time? Yes: 


All resolution strategies subject to the 


Halting problem 


(ie proof procedure can implicitly attempt to prove that a 
theorem embedding the proof procedure itself is 
resolvable) 


Cant do this without contradiction, so procedure never 
reaches a resolution. 


We say proof procedures аге semi-decidable – they only 
guarantee an expression is a theorem when it is in fact a 
theorem - for some expressions neither they nor their 
negations are theorems.. 


Summary & Conclusions 


e Logic is about deriving new expressions from axioms. 
As a subject it concentrates on using knowledge in a 
rigourous provably correct way. 


, Logic has a traditional notation. Amonst these are the 
universal and existential quantifiers, which describe 
the SCOPE of a statement, being true for all or at least 
one value, respectively. 


, A theorem logically follows from the assumed axioms 
if there is a series of steps connecting the theorem to 
the axioms using sound rules of inference. 


° The most obvious rule of inference is modus ponens. 
Another is modus tolens. These are both special cases 
of resolution, a more general rule of inference. 


, Resolution theorem proving uses resolution as the 
rule of inference, and refutation as the strategy. 


e Logic is seductive because it often works very neatly. 
However, there are caveats to obey, and some 
problems may be unsuitable. 


(adapted from Artificial Intelligence, 
P.H. Winston, 1984) 


